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ified form of the iterative method of undiscounted dynamic programming

rdijk and H.C. Tijms

RACT. This paper considers the discrete time finite state Markovian
sion problem with the average return criterion. A modified form of the
ative method of dynamic programming is studied. Under the assumption
the maximal average return is independent of the initial state the
ototic behaviour of the sequence of functions generated by this modi-
method is found. It is shown that the modified iterative method sup-
s both upper and lower bounds on the maximal average return and e-op-

L policies. Moreover, a convergence result is proved for the policies

1ced by the modified iterative method.




ntroduction. We are concerned with a dynamic system which at times
s 2, «.. 18 Observed to be in one of S states labeled 1, ..., S. Af-
‘bserving state i, an action a must be chosen from a finite set A(i)
)ssible actions. Let Xt and At’ t=1, 2, ..., denote the sequences of
's and actions. If the system is in state i at time t and action a is
m, then two things happen:

We receive an immediate (expected) reward r(i,a) and

P{X =3 | Xis By vees X =1, 8

41 = a} = pij(a), where both the

t
‘ds r(i,a) and the transition probabilities pij(a) are assumed to be

L

A policy R for controlling the system is any (possibly randomized)
which for each t specifies which action to take at time t given the
nt state Xf and the history (X1’A1""’Xt—1’At—1)' A stationary poli-
is a rule which for each i selects an action f(i) € A(i) such that

's action f(i) is taken whenever the system is in state i. For any
onary policy f, let r(f) be the S component column vector whose ith

nt is r(i,f(i)), and let P(f) be the S x S Markov matrix whose

o P(£)]
rges as n > ® to a Markov matrix P*(f) such that P*(f)P(f) = P*(f).

element is pij(f(i)). It is known that the sequence (n+1)“1

We shall be concerned in this paper with the average return criterion.

ny policy R, let

n

C oy -1
$(i,R) = lim sup ., 1 Xt=1

Eﬁﬂaﬁﬁlx1=ﬁ for i = 1,...,S.

$(1,R) is the long run average expected return per unit time when the
al state is i and policy R is used. Clearly, for any stationary policy

* ) .
f) = P (f)r(f), where ¢(f) is the S component column vector whose ith




o=

element is ¢(i,f). Let
g(i) = supp ¢(1i,R) for i = 1,...,S.

A policy R is called optimal if ¢(i,R) = g(i) for all i. It is known that
there is a stationary policy which is optimal (cf. Derman [51).
Let {an, n=1,2,...} be an arbitrary sequence of finite numbers, and

let yo(i) be an arbitrary function. Define for n = 1, 2, ...,

N

(2) yp(i) =max_ ooylr(ie) + o Ji b,

0 (a)yn_1(j)} for i = 1,...,S.

The purpose of this paper is to investigate the iterative method given by
(2). 1If o = 1, then (2) reduces to the standard iterative method of dynamic
programming. For the case a = 1 the asymptotic behaviour of the sequence
{yn(i), n > 0} was studied by Bather [1], Brown [4], Hordijk and Tijms [6],
Lanery [9] and Schweitzer [10]. Bather [1] investigated also the sequence
{yn(i)} for the case a = 1 - 1/n. For a Markov decision model with a fini-
te number of communicating states and a convex decision space, he used this
sequence to prove the existence of an optimal policy. Also, under the as-
sumption that for each stationary policy the associated Markov chain {Xt}
is irreducible, Bather [1] determined the asymptotic behaviour of the se-
quence {yn(i)}. This latter result will be generalized in section 2. Under
the assumption that g(i) = g for some constant g, we shall prove that for
each sequence {an} which satisfies certain conditions a sequence {Yn} can
be found such that yn(i) - Y8 has a finite limit as n > « for all i. This
limit result was established for the case a = 1 under the additional as-
sumption that for each optimal stationary policy the associated Markov

chain {Xt} is aperiodic.




In section 3 we shall show that the iterative method (2) supplies
» and lower bounds on the maximal average return g(i) and, moreover,
S at each iteration a stationary policy whose average return is at

as good as the lower bound found at that iteration. If g(i) is in-
dent of i and if {an} satisfies certain conditions, then for all n
cient large the policy found at the nth iteration is optimal.
As compared with the standard iterative method of dynamic programming
odified method (2) has the advantage that it is insensible to possible
dicity of the Markov chains {Xt} associated with the stationary

ies. Moreover, it is our conjecture that the convergence of the modi-
method will in general be faster than that of the standard iterative

d.

symptotic behaviour of {yn(i)}. The discussion in this section will

sed on the next assumption.

[PTION For some constant g, g(i) =g for i =1, ..., S.

This assumption is satisfied if there is an optimal stationary policy
that the associated Markov chain {Xt} has a single recurrent class.

Given the sequence {an}, we define the sequence {Yn} by

. = = + =
YO 0 and Yn 1 an Yn—1 for n 1, 2,

' certain conditions on {an} we shall prove that llmn+w{yn(1) - Yng}
s and is finite for all i. To do this, let ¥(i,a) = r(i,a) - g, and

e forn=1, 2, ...,

-~ . —_ -~ . N -~ - . -
yn(l) = maxaeA(i){r(l,a) ta 2j=1 pij(a)yn_1(3)} for i = 1,...,S,




here ?O(i) = yo(i) for all i. By induction on n, we obtain from (2) and

L) that
5) §,(1) =y (i) - v for i = 1,...,8 and n = 0,1,... ,

urther, for any o with O < a < 1 and any policy R, let

. t-1

. o _~ . - . - -
Va(l,R) = Zt=1 a ER{r(Xt’At) | X1 =1} and Va(l) = supg Va(l,R)

hat is, given a reward function ¥(i,a) and a discount factor a, Va(i,R) is

he total expected discounted return when the initial state is i and policy

is used, while Va(i) is the maximal expected discounted return. It is known

hat Va(i) is the unique solution to(Blackwell [3] and Derman [5])

-~

6) V,(5) = max (#(i,a) + alJ_ p. . (2)V,(5)) for i = 1,...,8.

~

'e shall need the following lemma.

EMMA 1. There is a number cx*, 0 <o < 1, and a finite constant B such that,

or all %,

IGQ(i) - VB(i)l < |a - B|B for all a, B € (a*,1).

ROOF. Choose a stationary policy f such that Vu(i,f) = Va(i) for all i and all
. close enough to 1. Blackwell [2] proved that such a policy exists. Moreover,

. . *
t follows from part (a) of Theorem L4 in [2] that each element of P (f)r(f)
;quals g. See also [5]. Let Va be the S component vector whose ith element is
S * . n * n
ru(l,f), and let Q = P(f) - P (f). Using [P(f)] - P (f) =Q forn 21, we
. = * . o . .
*ind Va(f) = zz=oanQnr(f) - P (f)r(f). The series zoanQn is bounded in a € (0,1),
since this series converges absolutely for 0 < a < 1 and has a finite limit as

1 > 1 (see [2] and [11]). It can be directly verified that (see also the resol-

rent equation (6) in Veinott [11, p.16401])

Zz(a“-sn)an(f) = (a-e)Q(X;anQn)(fgann>r(f)




-5-
1l a, B € (0,1). Now it is readily seen that there is a finite constant

that IVa(i,f) -V (i,f)| < |o-B|B for all i and all a, B € (0,1). This

B
etes the proof.

The next theorem gives the asymptotic behaviour of the sequence {yn(i)}.
EM 1. Let the sequence {un, n=1,2,...} be such that (7) 0 < o < 1

Iln=22; (22) o > 1 asn > x; (i22) a o, ... > 0 as n > =;
n 273 n

...aj) | o, - o1 | > 0 as n > =. Then,

N
) amol g

Lg=2 -1
limh+m{yn(i)—yng}exists and is finite for all <.

The proof is a generalization of one given in [T]. For any S compo-

vector x, let ]lxll = max. Ixil. For any n 2 2, denote by Vn the S

1ent vector whose ith element 1s Vu (i), and for n > 1, let ?n be the
n

oonent vector whose ith element is ?n(i). From (4) and (6) we easily

w

ll? -V II <a ||§ - anl for n = 2,3,...

e an * 1 as n > », we have by Lemma 1 that there is an integer nO > 2

finite constant B such'that

IIVn - lel < la - o |B for all n, m 2 n

n m 0°

w an integer K 2 n_. By the triangle inequality, we obtain from (7)

o
') that for n =1, 2, ...,

-~

||§n+K - Vn+K|| S %4k II37n+K-1 - Vn+K—1|| *oek %4k T Cpag-1! B

ting this inequality, we find for n = 1,2,...

. -~ ~ o n+K
"1q+}("\ir1+1{|I < (an+K"'aK+1) HyK_VKH + zj=K+1(un+K”‘aj) Iaj_aj—1 B,




-~

rom which we get limnéw{ﬁn(i) - Vn(i)} = 0 for all i. It follows from relat-
on (8) that Gn(i) has a finite limit as n - » for all i, so, by (5), the
roof is complete.
EMARK. Using n° - (n-1)¢ < 1 for all n > 1 and X§=1 k_C—J? x ¢ ax is
ounded in n when 0 < ¢ < 1, it is readily verified that the conditions
i) = (iv) of Theorem 1 are satisfied for any choice a = 1 - n® with
/2 < Db < 1. In case o = 1 - 1/n for all n, then Y, = (n+1)/2 for n = 1.
For the choice a = 1 - 1/n Theorem 1 was proved in a different way by

ather [1] under the assumption that for each stationary policy the associa-

arkov chain {Xt} is irreducible.

. Bounds on the maximal average return and e-optimal policies. The next

heorem deals with the question how good the maximal average return and an
ptimal policy can be approximated with the iterative method (2). The first
art of the theorem below involves no assumption about the chain structure
f the Markov chains {Xt} assqciated with the stationary policies or about
he sequence {an}.

HEOREM 1. For any n 2 1, denote by r the set of the stationary policies
" such that f(i) maximizes the right-hand side of (2) for all . Let

— mini{yn(i) - o, yn_z(i)}, and let U, = maxi{yn(i) -a yn_l(i)}. Then,
a) For each n 2 1, Ln < ¢(2,f) < g(i) < Un for all 2=1,...,5S and f € T
b) If g(i)= g for all © for some constant g and if the sequence {an} satis-
ies the conditions (7) - (iv) of Theorem 1, then both L, and Un converge

g n > w»to g, and, moreover, there is a finite integer N such that for all
. 2 N each policy from r, i8 optimal.

'ROOF. (a) Let y, be the S component column vector whose ith element is




), and let e be the S component column vector of ones. Fix n. Let T

ny stationary policy. Then, by (2), r(f) + unP(f)y < y,» SO

n-1

+ <
r(f) anP(f)yn_1 oy, 1t UCE

iplying both sides of this inequality by P*(f) and using the relations

p*(£)r(£) and PT(£)P(£) = P'(£f), we find ¢(f) < U e. Hence

< U, for all i, since g(i) = maxf¢(i,f) for all i. Choose now f € T .
b by (2), 2(£) + o P(fly, 4 =¥, s0
+ >
r(f) unP(f)yn_1 @y 4t Le-

;iplying both sides of this inequality by P*(f), we find ¢(f) = Lne.

; completes the proof of (a).

By Theorem 1 and (3) we have that both Ln and Un converge as n > ®

. Since the number of stationary policies is finite, it follows that
nite integer N exists with the following property: if £ e Pm for some
N, then T € Pn for infinitely many values of n. Let f € Pn for some
N. Choose a sequence {nk} with o > o gg k > » such that f € Fn for

k
k. By (2) and (3),

y -y ge=rx(f)*a Py _. -v, _ gel - ge for all k.

nk » nk nk n, =1 nk 1

;ing k - = and using Theorem 1, we find v = r(f) + P(f)v - ge for some

>mponent column vector V. Multiplying both sides of the latter equality

* ) * . . . .

°*(f), we find P (f)r(f) = ge, so policy f is optimal. This ends the proof.
It follows from Theorem 2 that if g(i) is independent of i, then, by

appropriate choice of a , we can determine by (2) for each € > 0 a stati-

ry policy whose average return differs at most € from the maximal average




. In contrast with Howard's [8] policy-iteration algorithm the ite-
method (2) does not involve the solution of a set of linear simul-

s equations at each iteration.

‘. Let f be any stationary policy such that for some constant ¢ the

e expected return ¢(i,f) = ¢ for all i. Theorem 2 provides us with
to compute ¢ without solving a set of S linear simultaneous equa-
Choose a sequence {an} that satisfies the conditions (i)-(iv) of

m 1, and choose a function w.(i). For any n = 1, define the function

0

W, = r(f) + anP(f)w Specializing Theorem 2 to the case of a

n-1°

. action in each state, we find

Lini{wn(i) - anwn—T(i)} < ¢ < maxi{wn(i) - anwn_1(i)} for all n = 1,

L} satisfies the conditions (i)-(iv) of Theorem 1, +these bounds

as limit, and w = llmn+w{wn_Yn¢e} satisfies ¢e + w = r(f) + P(f)w.
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